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Abstract. We propose to use null vectors in conformal field theories to derive
model Hamiltonians of quantum spin chains and corresponding ground state wave
function(s). The approach is quite general, and we illustrate it by constructing a
family of Hamiltonians whose ground states are the chiral correlators of the SU(2)k
WZW model for integer values of the level k. The simplest example corresponds to
k = 1 and is essentially a nonuniform generalization of the Haldane-Shastry model with
long-range exchange couplings. At level k = 2, we analyze the model for N spin 1 fields.
We find that the Renyi entropy and the two-point spin correlator show, respectively,
logarithmic growth and algebraic decay. Furthermore, we use the null vectors to derive
a set of algebraic, linear equations relating spin correlators within each model. At level
k = 1, these equations allow us to compute the two-point spin correlators analytically
for the finite chain uniform Haldane-Shastry model and to obtain numerical results for
the nonuniform case and for higher-point spin correlators in a very simple way and
without resorting to Monte Carlo techniques.
PACS numbers: 75.10.Pq, 11.25.Hf, 03.65.Fd
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1. Introduction
Chains of interacting spins are important models for investigating properties of
quantum many-body systems. The fact that the dimension of the Hilbert space grows
exponentially with the length of the chains does, however, limit the applicability of brute
force numerical computations. This makes analytical insights particularly valuable,
both as a direct source of information and as a starting point for constructing and
testing approximate numerical methods. Important analytical techniques include the
Bethe ansatz [1] and the construction lying behind the AKLT model [2]. The former
was introduced by Bethe in 1931 to solve the antiferromagnetic Heisenberg model with
nearest-neighbour interactions and has turned out to be a more generally applicable tool
to solve particular spin models, and the latter has led to a number of models for which
both the Hamiltonian and the corresponding ground state(s) are known. Solvable models
with long-range interactions are more rare, but the Haldane-Shastry (HS) model [3, 4]
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is an example. In this model, N spin 1/2 particles are positioned uniformly on a circle,
and each spin interacts with all other spins through a two-body exchange interaction
whose strength is inversely proportional to the square of the distance between the spins
measured along the chord.
In the present paper, we propose a new method to find matching Hamiltonians
and ground state wave functions, which naturally leads to models with long-range
interactions. The approach, which is presented in detail in section 2, relies on the
existence of null vectors in conformal field theories (CFT), and we shall specifically
consider the SU(2)k WZW models, where k is a positive integer known as the level of
the algebra. The vacuum expectation value of a product of primary chiral conformal
fields is zero if one of the fields is a null vector, and we use this fact and the Ward
identity to derive equations of the form Hψ = 0, where H is a Hermitian and positive
semidefinite operator and ψ is a chiral correlator (i.e., the vacuum expectation value
of a product of primary chiral fields). Explicit analytical expressions for several of the
relevant chiral correlators have been found recently in [5].
In addition to deriving new spin models, the null vectors enable us to derive a set of
simple algebraic linear equations, which relate different n-point spin correlators within
each model (i.e., expectation values of the form 〈ψ|ta1i1 . . . tanin |ψ〉, where t
aj
ij
is the athj
component of the spin operator acting on spin number ij). The approach turns out to
be particularly valuable for k = 1, where it leads to a closed set of equations for the two-
point spin correlators, a closed set of equations for the two-point and the four-point spin
correlators and so on. As detailed below, this allows us to obtain a number of results
for spin correlators either analytically or through a very simple numerical computation.
After explaining the general approach, which is valid for all k, we turn to a more
detailed investigation of models obtained at levels k = 1 and k = 2 in sections 3 and
4, respectively. In the SU(2)1 WZW model, there are only spin 0 and spin 1/2 chiral
conformal fields, and since the fusion properties of the spin 0 field are trivial, we find the
explicit expression for a Hamiltonian which has the chiral correlator of N spin 1/2 fields
as its ground state in section 3.1. The Hamiltonian involves only two-body interactions,
and in section 3.2, we show that it is essentially a nonuniform generalization of the
HS model with long-range exchange interactions. We also compute the spectrum for a
number of choices of distributions for N = 6 and discuss symmetries and the origin of
degeneracies. The Hamiltonian of the nonuniform HS model was put forward recently
in [6], where it was shown analytically that the chiral correlator of N spin 1/2 fields is
an eigenstate of it. This was done by using the Knizhnik-Zamolodchikov (KZ) equation
[7], and we provide the details of that derivation in Appendix A. In contrast to the
present work, however, this approach cannot be straightforwardly generalized to higher
values of k, and it does not automatically guarantee that the chiral correlator is, indeed,
the ground state.
The nonuniform HS model was compared to other spin models through exact
numerical computations for small N in [6], and the finite chain Renyi entropy and
the two-point spin correlation function was studied numerically through Monte Carlo
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simulations. In the present paper, we instead concentrate on the analytical and semi-
analytical expressions for the spin correlators that follow from the properties of the
null vectors through the aforementioned linear equations. We rederive the expression
for the two-point spin correlator of the uniform HS model in the thermodynamic limit
and furthermore demonstrate that the two-point spin correlator can also be computed
analytically for the finite chain uniform HS model. These results are presented in section
3.3, where we also provide further numerical results for two-point and four-point spin
correlators.
Section 4 is devoted to an investigation of the case k = 2. In this model, there are
spin 0, spin 1/2 and spin 1 chiral conformal fields, and we shall, in particular, analyze
the spin chain model in which the wave function is the chiral correlator of a product
of N spin 1 fields. In section 4.1, we derive the Hamiltonian and discuss the spectrum.
In section 4.2, we find that the wave function has an overlap with the ground state
of the bilinear-biquadratic spin 1 chain close to unity in a region within the Haldane
phase for N = 6. In section 4.3, we compute the Renyi entropy and the two-point
spin correlation function by Monte Carlo simulations. We find that the Renyi entropy
grows logarithmically with the length of the considered subchain, while the two-point
spin correlation function decays algebraically with the separation between the spins.
The Hamiltonian for the chiral correlator of a product of N spin 1/2 fields is given in
Appendix B together with a discussion of the spectrum. Finally, concluding remarks
are given in section 5.
2. Hamiltonians for the SU(2)k WZW model
The WZW models, together with the minimal models of Belavin, Polyakov and
Zamolodchikov, are the best known examples of rational conformal field theories
(RCFT). In a RCFT the number of primary fields is finite, and they form a closed
operator algebra characterized by the fusion rules. In this paper, we shall restrict
ourselves to the WZW model based on the Kac-Moody (KM) algebra SU(2)k. There
are k + 1 primary fields in this RCFT, which are denoted by φj, where j = 0,
1
2
, . . . , k
2
labels the total spin. Each field consists of 2j+1 components corresponding to the 2j+1
possible values of the projection of the spin on the quantization axis. To refer explicitly
to one of these components, we use the notation φjm, where m = −j,−j+1, . . . , j. The
Virasoro central charge c, conformal weights hj and fusion rules are given by
c =
3k
k + 2
, hj =
j(j + 1)
k + 2
, φj1 × φj2 =
min(j1+j2,k−j1−j2)∑
j=|j1−j2|
φj . (1)
The simplest nontrivial WZW model corresponds to k = 1 and has c = 1 and two
primary fields φ0 and φ1/2 with h0 = 0 and h1/2 = 1/4. This model can be easily
constructed using a free massless boson whose central charge is c = 1. The next model
in this series corresponds to k = 2 and has c = 3/2 and three primary fields φ0, φ1/2
and φ1 with h0 = 0, h1/2 = 3/16 and h1 = 1/2. This model can be constructed by
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combining three Ising models (c = 3 × 1
2
), or alternatively it can be built using a free
boson and an Ising model (c = 1 + 1
2
). In this paper, we shall focus on the k = 1 and 2
models, but the general formalism will be valid for any integer level k ≥ 1.
2.1. Null vectors
The rationality of the WZW models lies in the existence of null vectors in the
representation spaces of KM algebras. The decoupling of these vectors provides the
basic equations that allow for a complete solution of these models. Null vectors will be
the key for the construction of Hamiltonians associated to WZW models, and for that
reason we shall describe them in detail below.
The SU(2)k WZW model is characterized by the chiral currents J
a(z) (a = 1, 2, 3),
whose Laurent expansion Ja(z) =
∑∞
n=−∞ J
a
n z
−n−1 contains the modes Jan that satisfy
the KM algebra
[Jan , J
b
m] = i
∑
c
εabc J
c
n+m +
k
2
n δab δn+m,0, n,m ∈ Z, (2)
where εabc is the Levi-Civita symbol. Notice that the zero modes J
a
0 form a closed SU(2)
algebra. In the standard spin basis the algebra becomes
[J0n, J
0
m] =
k
2
n δn+m,0,[
J0n, J
±
m
]
= ±J±n+m,[
J+n , J
−
m
]
= 2J0n+m + k n δn+m,0,
(3)
where J0n = J
3
n, J
±
n = J
1
n ± iJ2n.
To construct the representation theory of this KM algebra, we first note that the
primary fields introduced above effectively factorize into a product of a chiral field and
an anti-chiral field. We shall only consider the former, which we denote by φj(z), where
z is a complex parameter. In the context of conformal field theory, z represents a
point in two-dimensional space-time, but later on, these coordinates will turn into free
parameters in the Hamiltonians we construct. To each chiral primary field φj(z), one
associates a primary state |φj〉 satisfying the following conditions
|φj〉 = φj(0) |0〉, Ja0 |φj〉 = ta|φj〉, Jan |φj〉 = 0, n > 0, (4)
where |0〉 is the vacuum of the theory (i.e., Jan≥0|0〉 = 0) and ta are the 2j + 1
dimensional matrices of the spin j representation of SU(2) (the mth component of
ta|φj〉 is
∑
m′ t
a
mm′ |φjm′〉).
The representation spaces of the KM algebra are modules Hj obtained by
acting on the primary states with products of the negative mode operators, i.e.
Ja1−n1J
a2−n2 . . . J
aM−nM |φj〉 (n1, n2, . . . , nM ≥ 1). These states are called descendants and
can be organized in towers having a common value of the sum n = n1 + . . .+ nM that
is called the Virasoro level, not to be confused with the level k of the KM algebra.
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A null vector |χ〉 is a descendant state which is also primary, i.e., satisfies the
condition (recall (4))
Jan |χ〉 = 0, n > 0. (5)
Each module Hj contains infinitely many null vectors. Here, we shall consider the null
vector [8]
|χj∗j∗〉 =
(
J+−1
)n∗ |φjj〉, n∗ = k + 1− 2j, j∗ = k + 1− j, (6)
which is the null vector occurring at the lowest Virasoro level. It is illustrative to verify
(5) for the case Jan = J
−
1 . Using the commutator
[J−1 ,
(
J+−1
)ℓ
] = ℓ
(
J+−1
)ℓ−1 (
k + 1− ℓ− 2J00
)
, ℓ ≥ 1, (7)
that follows from (3) by induction, one obtains,
J−1 |χj∗j∗〉 = [J−1 ,
(
J+−1
)k+1−2j
] |φjj〉
= (k + 1− 2j) (J+−1)k−2j (2j − 2J00 )|φjj〉 = 0, (8)
where we have used that |φjj〉 is a primary state, J−1 |φjj〉 = 0, and that its spin projection
is j, J00 |φjj〉 = j|φjj〉. One can easily prove that
J+0 |χj∗j∗〉 = 0, J00 |χj∗j∗〉 = j∗|χj∗j∗〉, (9)
so that |χj∗j∗〉 is the highest weight vector of a representation with spin j∗. In summary,
the module Hj contains at level n∗ a multiplet of 2j∗ + 1 null vectors with spin j∗.
Since a null vector is also a primary field, a null vector and its descendants comprise
a module on their own, and this module can be shown to decouple from Hj [9]. The
number of states dj,k(n) appearing at Virasoro level n after removing all the decoupled
modules can be determined by considering the character
χj(q, k) = TrHj q
L0−ck/24 = qhj−ck/24
∞∑
n=0
dj,k(n) q
n. (10)
This character is given by [9]
χj(q, k) =
q(2j+1)
2/[4(k+2)]
η(q)3
∞∑
n=−∞
[2j + 1 + 2n(k + 2)] qn[2j+1+n(k+2)], (11)
where η(q) is the Dedekin eta function
η(q) = q1/24
∞∏
n=1
(1− qn). (12)
We collect the values of dj,k(n) for the lowest spin modules Hj and various values of n
and k in table 1. An inspection of the rows of this table shows that, for given n, the
number of states remains constant beyond a certain value of k. This can be understood
from the fact that states are removed whenever there is a null vector. For k ≤ n∗−1+2j
(recall (6)), one or more null vectors are present for n ≤ n∗, whereas no null vectors are
present for n ≤ n∗ if k > n∗− 1+ 2j. The number of states removed at k = n∗− 1+ 2j
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Table 1. Number of states dj,k(n) for the modules Hj (j = 0, 12 , 1). The value of
dj,k(n∗) appears with a star. The Virasoro level n labels the rows, and the KM level
k labels the columns.
H0 H1/2 H1
n|k 1 2 3 4 5 . . . 1 2 3 4 5 . . . 2 3 4 5 6 . . .
0 1 1 1 1 1 1 2 2 2 2 2 2 3 3 3 3 3 3
1 3 3 3 3 3 3 2∗ 6 6 6 6 6 4∗ 9 9 9 9 9
2 4∗ 9 9 9 9 9 6 12∗ 18 18 18 18 12 20∗ 27 27 27 27
3 7 15∗ 22 22 22 22 8 26 36∗ 44 44 44 21 45 57∗ 66 66 66
4 13 30 42∗ 51 51 51 14 48 78 92∗ 102 102 43 90 126 142∗ 153 153
and n = n∗ is the number of null vectors in the multiplet |χj∗m∗〉, i.e. 2j∗ + 1. This is
expressed in the relation
dj,k(n∗)− dj,n∗−1+2j(n∗) = 2j∗ + 1, ∀k > n∗ − 1 + 2j. (13)
In the module H0, for example, there are 4 states at n = 2 and k = 1, which turn into
9 states for all k > 1. The difference 9− 4 = 5 is the number of null vectors that form
the j∗ = 2 spin multiplet at level n∗ = 2 and k = 1.
2.2. Clebsch-Gordan coefficients and projectors
Equation (6) corresponds to the Clebsch-Gordan (CG) decomposition
Vj∗ ⊂ V ⊗n∗1 ⊗ Vj (14)
where VJ = C
⊗(2J+1) (J = j∗, 1, j) is the vector space for the spin J irreducible
representation (irrep). This decomposition consists in the symmetrized product of n∗
copies of the spin 1 irrep tensored with the spin j irrep to yield the highest possible spin
j∗ = n∗ + j. A basis of Vj∗ is given by (m∗ = −j∗,−j∗ + 1, . . . , j∗)
|χj∗m∗〉 =
∑
a1,...,an∗ ,m
Cj∗m∗a1,...,an∗ ,jm J
a1
−1 . . . J
an∗
−1 |φjm〉. (15)
The constants Cj∗m∗a1,...,an∗ ,jm can be constructed from the product of n∗ CG coefficients
and satisfy the condition∑
a1,...,an∗ ,m
Cj∗m∗a1,...,an∗ ,jmC
j∗m′∗
a1,...,an∗ ,jm
= δm∗m′∗ , (16)
which ensures the orthonormality of the vectors |χj∗m∗〉. We adopt the Condon-Shortley
convention that all CG coefficients are real. We note that (15) could equally well be
written in terms of the fields χj∗m∗(z) and φjm(z), and we use this notation in the
following.
Let us next define the linear map
C
j∗
n∗,j
: V ⊗n∗1 ⊗ Vj → Vj∗ ,
Cj∗m∗a1,...,an∗ ,jm = 〈m∗|C
j∗
n∗,j
|a1, . . . , an∗, m〉,
(17)
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which allows us to write (16) as
C
j∗
n∗,j
(
C
j∗
n∗,j
)†
= I2j∗+1. (18)
where I2j∗+1 is the identity matrix in Vj∗ . Multiplying C
j∗
n∗,j
and (Cj∗n∗,j)
† in reverse order
Kn∗,j =
(
C
j∗
n∗,j
)†
C
j∗
n∗,j (19)
yields the map
Kn∗,j : V
⊗n∗
1 ⊗ Vj → V ⊗n∗1 ⊗ Vj (20)
that, using (18) and (19), satisfies
K2n∗,j = Kn∗,j, K
†
n∗,j
= Kn∗,j, (21)
so that Kn∗,j is a projector with components
(Kn∗,j)
a1,...,an∗ ,m
b1,...,bn∗ ,m
′ =
∑
m∗
Cj∗m∗a1,...,an∗ ,jmC
j∗m∗
b1,...,bn∗ ,jm
′. (22)
Using this equation, one can parameterize the null vectors (15) with indices of the vector
space V ⊗n∗1 ⊗ Vj as follows
χa1,...,an∗ ,jm(z) ≡
∑
m∗
Cj∗m∗a1,...,an∗ ,jm χj∗m∗(z)
=
∑
b1,...,bn∗ ,m
′
(Kn∗,j)
a1,...,an∗ ,m
b1,...,bn∗ ,m
′ J
b1
−1 . . . J
bn∗
−1 φjm′(z).
(23)
Since, by use of (16),
χj∗m∗(z) =
∑
a1,...,an∗ ,m
Cj∗m∗a1,...,an∗ ,jm χa1,...,an∗ ,jm(z), (24)
we see that χa1,...,an∗ ,jm(z) fulfil the eigenvalue equation
χa1,...,an∗ ,jm(z) =
∑
b1,...,bn∗ ,m
′
(Kn∗,j)
a1,...,an∗ ,m
b1,...,bn∗ ,m
′ χb1,...,bn∗ ,jm′(z). (25)
As a result of the above construction, Kn∗,j must fulfil the following symmetry
constraints
(Kn∗,j)
...ai...aj ...,m
...bk...bl...,m′
= (Kn∗,j)
...aj ...ai...,m
...bk...bl...,m′
= (Kn∗,j)
...ai...aj ...,m
...bl...bk...,m′
, (26)∑
ai,aj
δaiaj (Kn∗,j)
...ai...aj ...,m
b1,...,bn∗ ,m
′ = 0,
∑
bi,bj
(Kn∗,j)
a1,...,an∗ ,m
...bi...bj ...,m′
δbibj = 0, (27)
∑
ai,m′′
taimm′′ (Kn∗,j)
...ai...,m′′
b1,...,bn∗ ,m
′
= 0,
∑
bi,m′
(Kn∗,j)
a1,...,an∗ ,m
...bi...,m′
tbim′m′′ = 0, (28)
and, indeed, (26-28) together with (21) are sufficient to uniquely determine Kn∗,j. The
null vectors at levels k = 1 and 2 are collected in table 2, and one can check that the
following K-tensors fulfil the conditions,
(K2,0)
a1a2
b1b2
=
1
2
(δa1b1δa2b2 + δa1b2δa2b1)−
1
3
δa1a2δb1b2 , (29)(
K1, 1
2
)am
bm′
=
2
3
(
δab δmm′ − i
∑
c
εabct
c
mm′
)
, ta =
1
2
σa, (30)
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Table 2. Null vectors for k = 1 and 2. The possible values of the indices are:
a, a1, a2, a3 = 1, 2, 3, m = ±1/2, and m′ = 0,±1.
k j n∗ j∗ χ
a1,...,an∗ ,jm
1 0 2 2 χa1a2,00
1 12 1
3
2 χ
a, 1
2
m
2 0 3 3 χa1a2a3,00
2 12 2
5
2 χ
a1a2,
1
2
m
2 1 1 2 χa,1m
′
(K3,0)
a1a2a3
b1b2b3
=
1
6
(δa1b1δa2b2δa3b3 + permutations of b
′s)− 1
15
(δa1a2δb1b2δa3b3
+δa2a3δb2b3δa1b1 + δa1a3δb1b3δa2b2 + cyclic permutations of b
′s),
(31)
(
K2, 1
2
)a1a2m
b1b2m′
=
[
3
10
(δa1b1δa2b2 + δa1b2δa2b1)−
1
5
δa1a2δb1b2
]
δmm′
− i
5
∑
c
(εa1b1c δa2b2 + εa2b2c δa1b1 + εa1b2c δa2b1 + εa2b1c δa1b2) t
c
mm′ ,
(32)
(K1,1)
am
bm′ =
1
2
(δabδmm′ + δam′δmb)− 1
3
δamδbm′ , (33)
where σa (a = 1, 2, 3) are the Pauli matrices. To simplify the notation, we shall drop
the m and m′ indices in the following, considering that K is a matrix, and we shall let
the summation over repeated spin component indices (e.g., b1, . . . , bn∗) be implicit.
2.3. Decoupling equations
A chiral correlator is the vacuum expectation value of the product of a set of primary
chiral fields:
ψ(z1, . . . , zN) = 〈φj1(z1) . . . φjN (zN)〉. (34)
In our construction, ψ(z1, . . . , zN) is the wave function. Written more explicitly, the
state of the spin chain is
|ψ(z1, . . . , zN)〉 =
∑
m1,...,mN
ψm1,...,mN (z1, . . . , zN)|m1, . . . , mN 〉, (35)
where the coefficients are given by
ψm1...mN (z1, . . . , zN) = 〈φj1m1(z1) . . . φjNmN (zN)〉. (36)
We note that a chiral correlator is not necessarily one unique function. If the fusion
rules (1) allow more than one possibility for how two fields can fuse (i.e., if there is more
than one field on the right hand side of (1)), there will be more different fusion channels,
and each fusion channel corresponds to one wave function. All of these wave functions
are ground states of the Hamiltonian that we shall construct.
There are more approaches available to find explicit expressions for the chiral
correlators (34). In some simple cases it is possible to solve the KZ equations [7],
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which are a system of partial differential equations in the coordinates zi fulfilled
by the chiral correlators. The KZ equations can be derived from the null vector
χ = (L−1− k+22 Ja−1Ja0 )φ, where L−1 is one of the Virasoro generators. Another possibility
is to use the Feigin-Fucks or Coulomb gas representation of the WZWmodel [9]. The aim
of this section is to derive a set of algebraic equations satisfied by the chiral correlators
that follow from the decoupling of null vectors in the modules Hj . These equations are
algebraic, and not differential, as in the KZ case, and this fact will allow us to construct
quantum spin Hamiltonians whose ground states are the chiral correlators of the WZW
model.
Before presenting this construction, let us notice that (34) is invariant under global
SU(2) rotations generated by the total spin operator T a [8]
T a ψ =
N∑
i=1
tai 〈φj1(z1) . . . φjN (zN )〉 = 0, T a ≡
N∑
i=1
tai , (37)
where tai denotes the spin matrix acting at the site i, in the representation ji
corresponding to the field φji(zi). We shall suppose for simplicity that ji = j, ∀i,
but the results can be easily generalized when the primary fields have different spins.
Let us start by replacing the primary field φj(zi) in the correlator (34) by the null
field (23) in the module Hj. One can show from the definition of a null field that a
chiral correlator is zero if it contains a null field [9]. This is referred to as the decoupling
of the null field. Therefore,
〈φj(z1) . . . χa1,...,an∗j(zi) . . . φj(zN )〉 = 0, (38)
i.e., (
K
(i)
n∗,j
)a1,...,an∗
b1,...,bn∗
〈φj(z1) . . . (J b1−1 . . . J bn∗−1 φj)(zi) . . . φj(zN )〉 = 0 (39)
for all z1, . . . , zN , where the superindex i in K
(i)
n∗,j
implies that this matrix acts on the
spin degrees of the operator φj representing the ith spin in the chain. The modes J
b
−1
act on the field located at the point zi, but their action can be transferred to the primary
fields located at the other positions by means of the Ward identity [8]
〈φj(z1) . . . (Ja−1ψ)(zi) . . . φj(zN)〉 =
N∑
i1(6=i)
tai1
zi − zi1
〈φj(z1) . . . ψ(zi) . . . φj(zN )〉. (40)
Here, and in all that follows, we use the convention that the sum over i1 6= i2 6= . . . 6=
in( 6= in+1, . . . , in+m) means that the indices outside (inside) the brackets should (should
not) be summed over, and only terms for which all n+m indices are different contribute
to the sum. Similarly, we write i1 6= i2 6= . . . 6= in when all n indices are required to be
different. Applying (40) n∗ times to (39) yields
N∑
i1(6=i)
. . .
N∑
in∗ (6=i)
(
K
(i)
n∗,j
)a1...an∗
b1...bn∗
tb1i1 . . . t
bn∗
in∗
(zi − zi1) . . . (zi − zin∗ )
〈φj(z1) . . . φj(zN )〉 = 0, (41)
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which can be written in the compact form
P i,a1...an∗n∗,j (z1, . . . , zN )ψ(z1, . . . , zN) = 0, i = 1, . . . , N, (42)
where
P i,a1...an∗n∗,j (z1, . . . , zN ) =
N∑
i1,...,in∗(6=i)
(
K
(i)
n∗,j
)a1...an∗
b1...bn∗
z−1ii1 . . . z
−1
iin∗
tb1i1 . . . t
bn∗
in∗
(43)
and zik ≡ zi − zk. These are the algebraic equations mentioned at the beginning of this
subsection.
Finally, we shall transform (42) into the following equation
Ci,a1...an∗n∗,j (z1, . . . , zN)ψ(z1, . . . , zN ) = 0, i = 1, . . . , N, (44)
where
Ci,a1...an∗n∗,j (z1, . . . , zN) =
N∑
i1,...,in∗(6=i)
(
K
(i)
n∗,j
)a1...an∗
b1...bn∗
wii1 . . . wiin∗ t
b1
i1
. . . t
bn∗
in∗
(45)
and wik ≡ (zi + zk)/(zi − zk). To show this relation, let us apply the identity
2zi
zi − zk = 1 +
zi + zk
zi − zk = 1 + wik (46)
to
(2zi)
n∗ P i,a1...an∗n∗,j ψ =
(
K
(i)
n∗,j
)a1...an∗
b1...bn∗
∑
i1(6=i)
2zi
zii1
tb1i1 · · ·
∑
in∗(6=i)
2zi
ziin∗
t
bn∗
in∗
ψ =
(
K
(i)
n∗,j
)a1...an∗
b1...bn∗
×

T b1 − tb1i + ∑
i1(6=i)
wii1t
b1
i1

 · · ·

T bn∗ − tbn∗i + ∑
in∗(6=i)
wiin∗ t
bn∗
in∗

ψ
=
(
K
(i)
n∗,j
)a1...an∗
b1...bn∗

T b1 + ∑
i1(6=i)
wii1t
b1
i1

 · · ·

T bn∗ + ∑
in∗(6=i)
wiin∗ t
bn∗
in∗

ψ
(47)
where we have used (28) in the final step. Next, we want to move the T b matrices to
the right in this expression. This produces extra terms coming from the commutator
[T b,
∑
k(6=i)
wik t
bk
k ] = iεbbkb′k
∑
k(6=i)
wik t
b′k
k , (48)
but the antisymmetry in the b indices causes these terms to cancel out when multiplied
by the tensor K whose indices are totally symmetric. Once the T bk matrices are brought
to the right, they annihilate the correlator ψ, which proves that
(2zi)
n∗ P i,a1...an∗n∗,j ψ = Ci,a1...an∗n∗,j ψ (49)
and thus (44) is equivalent to (42).
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2.4. Spin chain Hamiltonians
We can use the operators in (45) to define the matrices
H
(i)
n∗,j
≡
(
Ci,a1...an∗n∗,j (z1, . . . , zN)
)†
Ci,a1...an∗n∗,j (z1, . . . , zN ), (50)
which are Hermitian, positive semidefinite and rotationally invariant(
H
(i)
n∗,j
)†
= H
(i)
n∗,j
, H
(i)
n∗,j
≥ 0, [T a, H(i)n∗,j] = 0. (51)
They annihilate the correlator ψ,
H
(i)
n∗,j ψ(z1, . . . , zN) = 0, (52)
and their sum can be taken as the Hamiltonian of a spin chain with spin j at each site,
i.e.,
Hn∗,j =
N∑
i=1
H
(i)
n∗,j. (53)
It follows immediately that ψ is the ground state of this Hamiltonian. If the fusion rules
give rise to several chiral correlators, then Hn∗,j will have several ground states in one-to-
one correspondence with the chiral correlators. Finally, we note that Hamiltonians that
are translationally invariant by one site can be achieved by choosing the coordinates zk
to be equally spaced on the unit circle, i.e.,
zk = e
2πik/N (k = 1, . . . , N) =⇒ Hn∗,j : translationally invariant. (54)
We shall refer to this choice as the uniform case.
2.5. Algebraic equations for spin correlators
The decoupling equations (44) also imply certain relations between the different n-point
spin correlators. Let us write
Ci,a1...an∗n∗,j (z1, . . . , zN) = Ai,a1...an∗n∗,j (z1, . . . , zN) +Qi,a1...an∗n∗,j (z1, . . . , zN ) (55)
as the sum of an anti-Hermitian and a Hermitian operator,
A
i,a1...an∗
n∗,j
= −
(
A
i,a1...an∗
n∗,j
)†
, Q
i,a1...an∗
n∗,j
=
(
Q
i,a1...an∗
n∗,j
)†
, (56)
and define
T b1...bni1...in = t
b1
i1
. . . tbnin . (57)
The decoupling equations (44) imply
〈ψ|T b1...bni1...in Ci,a1...an∗n∗,j |ψ〉 = 〈ψ|
(
Ci,a1...an∗n∗,j
)†
T b1...bni1...in |ψ〉 = 0, (58)
and adding and subtracting these equations, we find
〈ψ|
({
T b1...bni1...in , A
i,a1...an∗
n∗,j
}
+
[
T b1...bni1...in , Q
i,a1...an∗
n∗,j
])
|ψ〉 = 0, (59)
〈ψ|
([
T b1...bni1...in , A
i,a1...an∗
n∗,j
]
+
{
T b1...bni1...in , Q
i,a1...an∗
n∗,j
})
|ψ〉 = 0. (60)
Inserting the actual expressions for A
i,a1...an∗
n∗,j
and Q
i,a1...an∗
n∗,j
and choosing different values
of n, (59) and (60) provide a set of linear equations between different spin correlators.
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3. Results for the SU(2) WZW model at level k = 1
We now turn to a more detailed investigation of the case k = 1. First, we provide explicit
expressions for the wave function and the Hamiltonian for N spin 1/2 fields. We then
show that the model is a generalization of the HS model and discuss the degeneracies of
the spectrum. As mentioned in the Introduction, the overlap with other spin models, the
Renyi entropy and the two-point spin correlator have already been computed numerically
in [6], and consequently we here concentrate on deriving analytical and semi-analytical
expressions for the spin correlators, which is done in the last part of this section.
3.1. Wave function and Hamiltonian
At level k = 1 there are two primary fields φ0 and φ1/2 whose fusion rules are
φ1/2 ⊗ φ1/2 = φ0, φ1/2 ⊗ φ0 = φ1/2, φ0 ⊗ φ0 = φ0. (61)
These rules tell us the number of chiral correlators that arise from a product of primary
fields on a given geometry, which in our case is the sphere. For k = 1, the nontrivial
correlators are obtained by multiplying N fields φ1/2. Equation (61) implies that the
fusion of these fields produces the field φ0 if N is even and φ1/2 if N is odd. Since the
vacuum expectation value of φ1/2 is zero, and that of φ0 is not, N must be even to get
a nonvanishing correlator
ψs1,...,sN (z1, . . . , zN ) = 〈φ1/2,s1(z1) . . . φ1/2,sN (zN )〉. (62)
Here, we have made a slight change of notation compared to the previous section, such
that si/2 = ±1/2 is the third component of the ith spin. In addition, ψs1,...,sN (z1, . . . , zN)
can only be nonzero for
∑N
i=1 si = 0 because ψ is a singlet. Note that the correlator
(62) is unique since the fusion decomposition only generates one field at a time.
The explicit form of (62) can easily be obtained from the free field representation
of the SU(2)1 WZW model in terms of a free boson ϕ(z) whose two-point correlator is
〈ϕ(z1)ϕ(z2)〉 = − ln(z1 − z2). In the Cartan-Weyl representation, the current algebra
operators Ja(z) are given by
J0(z) =
i√
2
∂zϕ, J
±(z) = e±i
√
2ϕ(z), (63)
and the primary fields φ1/2,si (si = ±1) by
φ1/2,si(zi) = ρ 1
2
,i : e
isiϕ(zi)/
√
2 :, ρ 1
2
,i ≡
{
1 i : even
ei
pi
2
(si−1) i : odd
, (64)
where : . . . : denotes normal ordering. The two-point correlators of these fields are
〈J0(z1)J0(z2)〉 = 1
2z212
, 〈J+(z1)J−(z2)〉 = 1
z212
, (65)
〈: eis1ϕ(z1)/
√
2 :: eis2ϕ(z2)/
√
2 :〉 = δs1+s2,0 zs1s2/212 , (66)
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where z12 ≡ z1 − z2 as above. Plugging (64) into (62), one gets [9]
ψs1,...,sN (z1, . . . , zN ) = ρ 1
2
N∏
i<j
(zi − zj)sisj/2, (67)
ρ 1
2
≡ eipi2
∑
i:odd(si−1), N : even,
N∑
i=1
si = 0.
The Marshall sign factor ρ 1
2
ensures that ψ is a singlet state, as required by (37).
The Hamiltonian H1, 1
2
, whose ground state is given by (67), can be constructed
using the results of the previous section. For |zi| = 1, ∀i, we find
Ci,a
1, 1
2
=
2
3
N∑
j(6=i)
wij
(
taj + iεabc t
b
it
c
j
)
, (68)
H
(i)
1, 1
2
= − 2
3

3
4
N∑
j(6=i)
w2ij +
N∑
j1 6=j2(6=i)
wij1 wij2 t
a
j1 t
a
j2 +
N∑
j(6=i)
w2ij t
a
i t
a
j

 , (69)
4H1/2 ≡ H1, 1
2
= −2
3

3
4
N∑
i 6=j
w2ij +
N∑
i 6=j

w2ij + ∑
k(6=i,j)
wkiwkj

 tai taj

 . (70)
3.2. Relation to the Haldane-Shastry model
In 1988, Haldane and Shastry considered the state obtained by the Gutzwiller projection
of the one dimensional Fermi state at half filling [3, 4] (see [10] for a review)
|ψG〉 =
∏
i
(1− ni,↑ni,↓)|FS〉, (71)
where ni,s = c
†
i,sci,s (s =↑, ↓, i = 1, . . . , N) are the occupation operators of an electron in
a periodic chain with N sites, and |FS〉 =∏|k|<kF cˆ†k|0〉 is the Fermi state at half filling.
The state (71) has a unique spin per site because the charge degrees of freedom are
frozen by the Gutzwiller projection. These authors then wrote (71) in terms of hard-
core boson variables. Mapping the spin up (down) into the empty (occupied) states of
a hard-core boson, they found
|ψG〉 =
∑
n1<...<N/2
ψ(n1, . . . , nN/2) b
†
n1
. . . b†nN/2 |0〉, (72)
where b†n is the hard-core boson creation operator at the n
th site and
ψ(n1, . . . , nN/2) ∝ eiπ
∑
i ni
N/2∏
ni>nj
[
sin
π(ni − nj)
N
]2
. (73)
Using this equation, Haldane and Shastry showed that |ψG〉 is the ground state of the
spin Hamiltonian
HHS = −
∑
i 6=j
zizj
z2ij
(Pij − 1), (74)
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where Pij is the permutation operator of the spins at the positions i and j. The
permutation can be expressed in terms of spin operators as Pij = 2tai taj + 1/2, so (74)
takes the form
HHS = −
∑
i 6=j
zizj
z2ij
(
2tai t
a
j −
1
2
)
. (75)
In [6], it was shown that the wave function (73) corresponds to the state (67) for the
choice zn = e
2πin/N . Indeed, let us denote by qi = 0, 1 the occupation number of a
hard-core boson at the site i. The mapping between the spin variable si = ±1 and qi is
given by si = 1− 2qi and one can easily show that (73) becomes
ψ(s1, . . . , sN) ∝ eipi2
∑
i:odd si
N∏
n>m
[
sin
π(n−m)
N
]snsm/2
,
N∑
i=1
si = 0,(76)
where the constraint
∑N
i=1 si = 0 guarantees that the total third component of the spin
vanishes. This expression is proportional to (67).
From these considerations one must expect the HS Hamiltonian (74) to be
intimately related to the Hamiltonian (70). To show this relation in detail, we need
some simple identities. For generic values of zi, one can show that
w2ij = 1 + 4
zizj
z2ij
(77)
and
wkiwkj + wijwik + wjkwji = 1, i 6= j 6= k. (78)
The latter identity implies
N∑
k(6=i,j)
wkiwkj = 2w
2
ij + wij(ci − cj) +N − 2, ci ≡
N∑
k(6=i)
wki, (79)
which plugged into (70) yields
H1/2 = − 1
2
∑
i 6=j
zizj
z2ij
+
N
4
− (N + 1)
6
T aT a − 2
∑
i 6=j
[
zizj
z2ij
+
wij(ci − cj)
12
]
tai t
a
j , (80)
where T a is the total spin operator defined in (37). In the uniform case, we have
ci = 0 ∀i,
∑
i 6=j
zizj
z2ij
= −N(N
2 − 1)
12
, (81)
so
H1/2 = HHS −E0 − (N + 1)
6
T aT a, E0 = −N
3 + 2N
12
, (82)
where E0 is the ground state energy of HHS. The positivity of H1/2 implies a lower
bound for the energies of the eigenstates of HHS with total spin S, i.e.,
ES − E0 ≥ 1
6
(N + 1)S(S + 1), (83)
Quantum spin Hamiltonians for the SU(2)k WZW model 15
which is indeed satisfied by the lowest eigenenergy ES in the total spin sector S ≤ N/2,
ES − E0 = 1
6
S (2 + 3NS − 2S2). (84)
The latter formula can be derived from the general expression for the eigenvalues of
(74). The eigenvalues were found in [11] and can be expressed in terms of a set {mj} of
nonconsecutive integers mj ∈ {1, 2, . . . , N − 1}, mj+1 ≥ mj + 1, called rapidities [12]
E({mj}) =
∑
j
mj(mj −N). (85)
Thus, for example, the ground state corresponds to the set {mj} = (1, 3, 5, . . . , N − 1)
(N even), and the lowest excited state of total spin 1 to {mj} = (2, 4, 6, . . . , N − 2).
In the nonuniform case, where ci 6= 0 for some i, we get a generalization H˜HS of the
HS model. Specifically,
H1/2 = H˜HS − E˜0 − (N + 1)
6
T aT a, (86)
where
H˜HS = −
∑
i 6=j
[
zizj
z2ij
+
wij(ci − cj)
12
]
(Pij − 1) (87)
and the ground state energy is
E˜0 =
∑
i 6=j
[
zizj
z2ij
+
wij(ci − cj)
24
]
− N
4
. (88)
Note that the coupling strength in (87) is more complicated than just the inverse of
the square of the distance between the spins measured along the chord. In [6], a
different approach based on the KZ equation also led to the Hamiltonian H˜HS, and
it was demonstrated that ψ is an eigenstate of H˜HS with eigenvalue E˜0. We provide the
details of this derivation in Appendix A.
The spectrum of the uniform HS model exhibits an enhanced symmetry given by
a Yangian Hopf algebra [13] generated by the total spin operator T a and the operator
[12]
Λa =
i
2
∑
i 6=j
wij εabc t
b
i t
c
j . (89)
The operators T a and Λa all commute with the Hamiltonian (74) but they do not
commute among themselves, and they are the key to compute the complete spectrum
mentioned above. Observe that Λ can be constructed from the operator (68),
Λa =
3
4
∑
i
Ci,a
1, 1
2
. (90)
It follows that ψ is an eigenstate of (90) (with eigenvalue zero) in both the uniform
and the nonuniform cases. In the nonuniform case, however, the Yangian symmetry is
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broken, meaning that (90) does not commute with (87). In the last part of Appendix A,
we show that ψ is also an eigenstate (with eigenvalue zero) of the operator
H3 = −i
∑
i 6=j 6=k
zizjzk
zijzjkzki
εabct
a
i t
b
jt
c
k +
∑
i 6=j
tai t
a
j

−1
2
∑
k(6=i)
wki +
17
8
wij
∑
k(6=i)
w2ki

 , (91)
which is a generalization of the Inozemtsev invariant [14] to the nonuniform case. In
the uniform case, this operator commutes with the Hamiltonian (74) [14], but H3 does
not commute with H˜HS in general.
To illustrate the breaking of symmetries, we compute the spectrum for the three
different choices of zi considered in [6]: uniform, dimer and random. The dimer model
is defined by the following choice of parameters
zj = e
2πi[j+(−1)jδ]/N , 0 ≤ δ ≤ 1
2
, j = 1, 2 . . . , N, (92)
where δ characterizes the dimerization of the ground state. The value of cj defined in
(79) is
cj = i
N
2
(−1)j+1 tan(πδ), (93)
which only vanishes in the uniform case δ = 0. The random model is defined by the
choice
zj = e
2πi(j+φj)/N , −δ
2
≤ φj < δ
2
, j = 1, 2 . . . , N, (94)
where φj is a random variable uniformly distributed in the interval [− δ2 , δ2 ]. The
parameter δ determines the degree of disorder in the ensemble. The choice (94) gives
the random HS version of the spin 1/2 antiferromagnetic Heisenberg model (AFH) with
random exchange couplings. The latter model belongs to the universality class known
as the random singlet phase. The Renyi entropies of this phase differ from that of the
uniform AFH model given by the SU(2)1 model [15, 16].
The spectrum of the generalized HS Hamiltonian (87) for these three models is given
in table 3 for N = 6. The Hamiltonian H˜HS, the dot product T aT a of the total spin
operator with itself and the z-component T 0 of the total spin operator all commute with
each other. It is hence possible to diagonalize these operators simultaneously and label
the resulting states by their energy E, spin S and z-component of the total spin Sz. We
have omitted Sz from the table, because T
± also commute with the Hamiltonian, and
it follows that the 2S + 1 states within each spin multiplet are degenerate. Instead we
write only the number of states in each multiplet. In the uniform case, the momentum
operator also commutes with T a and the Hamiltonian due to invariance under translation
by one site. The momentum operator can be defined as pu = −i ln(T ), where
T = PN,N−1PN−1,N−2 . . .P2,1 (95)
is the translation operator and Pi,j is the operator that permutes spins i and j as defined
just after (74). The momentum eigenvalues in units of π/3 are given in the table. The
fact that the chain is invariant under the flip operation
PN,1PN−1,2 . . .PN/2+1,N/2 (96)
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Table 3. Spectrum of the generalized HS Hamiltonian (87) for N = 6 sites and three
different choices of zj : Left: uniform (81). Middle: dimer with δ = 0.1 (92). Right:
random for one particular realization of φj and δ = 1 (94). E is the energy, S is the
spin, pu and pd are momenta (see text), and # = 2S+1 is the number of (degenerate)
states within each of the spin multiplets.
E S 3pu
pi
#
-19 0 3 1
-16 0 0 1
1 0 3
-14 1 -2 3
1 2 3
-13 0 -1 1
0 1 1
1 -1 3
1 1 3
-10 1 0 3
-9 0 3 1
1 3 3
2 3 5
-8 1 -2 3
1 2 3
2 -2 5
2 2 5
-5 2 -1 5
2 1 5
0 3 0 7
E S 3pd
pi
#
-19.9502 0 0 1
-16.6431 1 0 3
-16.3598 0 0 1
-14.6851 1 -2 3
1 2 3
-13.3167 0 -2 1
0 2 1
-13.2717 1 -2 3
1 2 3
-10.3401 1 0 3
-9.3167 2 0 5
-8.9669 1 0 3
-8.9570 0 0 1
-8.3167 2 -2 5
2 2 5
-7.9934 1 -2 3
1 2 3
-5.0000 2 -2 5
2 2 5
-0.0000 3 0 7
E S #
-22.9229 0 1
-19.8148 1 3
-18.1316 0 1
-16.8832 1 3
-15.8047 1 3
-15.2108 0 1
-14.9450 1 3
-14.0555 1 3
-12.7601 0 1
-11.4068 2 5
-10.4704 1 3
-10.0944 2 5
-9.0416 1 3
-8.8204 0 1
-8.0155 1 3
-7.7381 1 3
-7.5353 2 5
-5.0000 2 5
-4.8865 2 5
-0.0000 3 7
explains why states with momentum eigenvalue ±π/3 or ±2π/3 always appear in
degenerate pairs. In the dimer case, pu does not commute with the Hamiltonian, but
since the chain is invariant under translation by two sites, we can instead add the
momentum operator pd = −i ln(T 2) to the set of mutually commuting operators. Also
in this case, states with pd eigenvalue ±2π/3 always appear in degenerate pairs due to
invariance under the flip operation (96). For the random case, there is no translational
symmetry. Looking at the degeneracies between different spin multiplets, we observe
that the number of degeneracies decreases in going from the uniform to the dimer case
and in going from the dimer to the random case. In the dimer case, the Yangian
symmetry is broken and only degeneracies between pairs with opposite pd eigenvalues
occur. In the random case, there are even less symmetries, and all spin multiplets have
different energies.
This subsection shows that the generalization of the uniform HS model embraces
several interesting models within a common framework. We shall show below that
more information about this model can be obtained exploiting the algebraic decoupling
equations.
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3.3. Spin correlators
In 1987, Gebhard and Vollhardt computed the two-point spin correlator in the
Gutzwiller state (71) for an infinite chain, obtaining the exact formula [17]
〈tan tb0〉 = (−1)nδab
Si(πn)
4πn
, tan =
1
2
c†n,s σ
a
ss′cn,s′, (97)
where Si(z) is the sine integral function
Si(z) =
∫ z
0
dt
sin(t)
t
. (98)
The appearance of the term δab reflects the SU(2) symmetry of the Gutzwiller state. It
may be worthwhile to notice that this result triggered the Haldane-Shastry works [3, 4].
Using the asymptotic expression of the sine integral function
Si(πn) ≃ π
2
+
(−1)n+1
πn
, n ∈ Z, n≫ 1, (99)
one obtains
〈tan tb0〉 ≃ δab
[
(−1)n
8n
− 1
4π2n2
]
, n≫ 1. (100)
One can also derive (100) from the underlying CFT that describes the long distance
behaviour of the HS model that is given by the SU(2)1 WZW model. The spin
operators tan can be expressed in terms of the current operators J
a(z) (63) and their
antiholomorphic version J¯a(z¯) as [18, 19]
t0n ≃ J0(zn) + J¯0(z¯n) + (−1)n
√
π
2
cos
(
ϕ(zn, z¯n)√
2
)
,
t±n ≃ J±(zn) + J¯±(z¯n) + (−1)n
√
π
2
exp
(
±iϕ(zn, z¯n)√
2
)
,
(101)
where zn = 2πin and ϕ(z, z¯) = ϕ(z) + ϕ¯(z¯). It is interesting to compare the spin
correlator of the HS model with that of the AFH model. The latter correlator behaves
as [20, 21]
〈tan tb0〉 = δab
[
C
(−1)n(ln(n))1/2
n
− 1
4π2n2
]
(102)
where C is a nonuniversal constant. The logarithmic correction to the leading 1/n
term is due to the marginal irrelevant operator JaJ¯a, which added to the action of
the WZW model gives the long distance behaviour of the AFH model [18]. In this
respect, the HS model is at the fixed point of the renormalization group, so that the
continuum Hamiltonian does not contain the marginal operator JaJ¯a, which explains
why the logarithmic corrections in the correlator (100) are absent.
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3.3.1. Algebraic equations for spin correlators We shall next derive (97) and several
other expressions for spin correlators from (59). From (68), we find
Ai,a
1, 1
2
=
2
3
∑
k(6=i)
wikt
a
k, Q
i,a
1, 1
2
=
2
3
∑
k(6=i)
wik i εabct
b
i t
c
k, (103)
where it is assumed that |zi| = 1, such that wij is imaginary. Note that Ai,a1, 1
2
and Qi,a
1, 1
2
are one-body and two-body operators, respectively. For the spin 1/2 case, a product
of spin operators acting on the same spin can always be written as a sum of terms
containing at most one spin operator each, so it is sufficient to consider spin correlators
for which all the spin operators act on different spins. We hence assume that all the
indices i1 . . . in in T
a1...an
i1...in
are different and also different from the index i. T a1...ani1...in is then
an n-body operator. If we choose n odd in (59), we get 3n+1N(N − 1) · · · (N −n) linear
equations involving only (n+1)-point and (n− 1)-point spin correlators. Starting from
n = 1, this allows us to successively compute spin correlators with higher and higher
numbers of operators as we shall see below.
Finally, we mention the important result
wij〈tai taj 〉+
∑
k(6=i,j)
wik〈taj tak〉+
3
4
wij = 0, i 6= j, (104)
which follows from (59) with n = 1 and b1 = a1. (104) is a system of linear equations
for the two-point correlators 〈tai taj 〉 with i 6= j that can be solved numerically for
generic values of the parameters zj , and analytically in special cases. In the following
paragraphs, we shall investigate some particular solutions.
3.3.2. Two-point spin correlators for the infinite chain Let us choose
zj = e
2πixj/N , xj ∈ R, j = −N
2
+ 1, . . . ,
N
2
. (105)
Then, in the limit
|xi| ≪ N, ∀i,=⇒ wij = −i cot π(xi − xj)
N
→ − iN
π
1
xi − xj , (106)
(104) becomes
Cij +
∑
k(6=i,j)
xij
xik
Cjk +
3
4
= 0, Cij = 〈tai taj 〉, i 6= j, (107)
where the equality is reached in the limit N → ∞. In the uniform case, i.e.
xn = n (n ∈ Z), translational invariance implies that Cij only depends on the difference
|i− j|, hence it is sufficient to consider the case i = 0 and j = n in (107),
C(n) +
∑
k(6=0)
n
k
C(n− k) = 0, n 6= 0, C(n) = C0,n = Cn,0, (108)
where we have used that C(0) = 〈ta0ta0〉 = 3/4. To solve these equations, we introduce
the Fourier transform of C(n),
G(q) =
∞∑
n=−∞
einq C(n), C(n) =
∫ π
−π
dq
2π
e−inqG(q). (109)
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Using the identities
∞∑
n=−∞
n einq = −2πi d
dq
δ(q),
∞∑
n=−∞
1
n
einq = iπ
(
sign(q)− q
π
)
, (110)
(108) turns into the differential equation
π
(
sign(q)− q
π
) dG(q)
dq
=
3
4
. (111)
The SU(2) invariance of the ground state implies that G(0) = 〈T a ta0〉 = 0, hence
integrating (111) yields
G(q) = −3
4
ln
(
1− |q|
π
)
. (112)
Finally, C(n) is given by the inverse Fourier transform,
C(n) = −3
4
∫ π
−π
dq
2π
e−inq ln
(
1− |q|
π
)
(113)
= − 3
4π
∫ π
0
dq cos(nq) ln
(
1− q
π
)
=
3
4π2n
∫ π
0
dq sin(nq)
1
1− q/π =
3
4πn
cos(πn)
∫ nπ
0
dt
sin(t)
t
.
Since 〈tantb0〉 = δab〈tcntc0〉/3 due to the SU(2) symmetry, (97) follows.
3.3.3. Two-point spin correlators for finite chains Let us next show that (104) can be
solved analytically for a uniform spin chain with a finite number of sites N , and not
only in the large N limit, as done above. We write
zj = z
j (j = 1, . . . , N), z ≡ e2πi/N , (114)
so that (104) becomes
1 + z−n
1− z−nC(n) +
N−1∑
k=1
1 + z−k
1− z−kC(n− k) = 0, n 6= N. (115)
If n = N/2, the first term of this equation vanishes, which leads us to split this equation
as
C(n) +
N−1∑
k=1
1− z−n
1 + z−n
1 + z−k
1− z−kC(n− k) = 0, n 6=
N
2
, N, (116)
N−1∑
k=1
1 + z−k
1− z−kC(N/2− k) = 0. (117)
To solve these equations, one introduces the finite Fourier transform (recall (109))
Gq =
N∑
n=1
znq C(n), C(n) =
1
N
N∑
q=1
z−nqGq, (118)
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where GN =
∑
n C(n) = 0. Now we multiply (116) by z
nq and sum over n 6= N/2, N to
obtain
Gq − 3
4
− (−1)qC(N/2) + 1
N
N∑
q′=1
Gq′
N∑
n=1(6=N/2)
zn(q−q
′)1− z−n
1 + z−n
N−1∑
k=1
zkq
′ 1 + z−k
1− z−k = 0, (119)
while (117) becomes
N∑
q′=1
Gq′ (−1)q′
N−1∑
k=1
zkq
′ 1 + z−k
1− z−k = 0. (120)
The two sums appearing in (119) are the discrete version of the integrals (110), and
they are given by
A(q) ≡ 1
N
N−1∑
k=1
zkq
1 + z−k
1− z−k = 1 + δq,N −
2q
N
, 1 ≤ q ≤ N, (121)
B(q) ≡ 1
N
N∑
n=1(6=N/2)
znq
1− z−n
1 + z−n
= (−1)q
(
sign(q)− 2q
N
)
, |q| ≤ N − 1, (122)
in terms of which (119) and (120) become
Gq − 3
4
+ (−1)q a+ (−1)qN
N∑
q′=1
Gq′Aq′(−1)q′ sign(q − q′) = 0, (123)
N∑
q′=1
Gq′Aq′(−1)q′ = 0, (124)
where a is a constant given by
a = 2
N∑
q=1
GqAq q(−1)q − C(N/2). (125)
It is convenient to define the quantity
gq = (−1)q Gq (q = 1, . . . , N), (126)
which must satisfy
gq − 3
4
(−1)q + a +N
N∑
q′=1
gq′Aq′ sign(q − q′) = 0, (127)
N∑
q′=1
gq′Aq′ = 0. (128)
Taking the difference for two consecutive values q and q + 1 in (127) yields
gq+1 − gq +N(gqAq + gq+1Aq+1) + 3
2
(−1)q = 0, 1 ≤ q ≤ N − 1, (129)
which, when translated into the Gq quantities and using (121) for Aq, becomes(
1− 2q + 1
N
)
(Gq+1 −Gq) = 3
2N
, 1 ≤ q ≤ N − 1, (130)
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Figure 1. Two-point spin correlation function C(n) = 〈tanta0〉 (n = 1, . . . , N − 1) for
the uniform HS wave function for a chain with N = 20 sites. The results correspond to
(i) the exact formula (132), (ii) the antiferromagnetic Heisenberg model with nearest
neighbour couplings, and (iii) the thermodynamic limit (97).
and hence
Gq = −3
2
N−1∑
q′=q
1
N − 1− 2q′ , q = 1, . . . , N − 1, GN = 0. (131)
One can check that (125) is also satisfied and that the parameter a is equal to 3/4.
Plugging this expression into (118), one finally finds the correlator
〈tan tb0〉 =
1
3
δab C(n) = δab
(−1)n
4N sin (πn/N)
N/2∑
m=1
sin
[
2πn(m− 1
2
)/N
]
m− 1
2
. (132)
In the limit N → ∞, one recovers (97). Moreover, one can take the limit N ≫ 1 and
n≫ 1 with the ratio n/N kept constant, obtaining
〈tan tb0〉 ≃ δab
[
π(−1)n
8N sin (πn/N)
− 1
4N2 sin2 (πn/N)
]
. (133)
Equation (133) can be obtained from the bosonization formulas (101) with the
operators Ja(z), J¯a(z¯) and cos(ϕ(z, z¯)/
√
2) being defined on a cylinder of circumference
2πN , i.e., z = z + 2πiN . The two-point correlators needed to reproduce (133) can be
deduced using the conformal transformation from this cylinder to the complex plane,
z → w = ez/N , which yields
〈J0(2πin1)J0(2πin2)〉cyl = −
[
8N2 sin2
(
π(n1 − n2)
N
)]−1
,〈
cos
(
ϕ(2πin1,−2πin1)√
2
)
cos
(
ϕ(2πin2,−2πin2)√
2
)〉
cyl
=
[
4N
∣∣∣∣sin
(
π(n1 − n2)
N
)∣∣∣∣
]−1
.
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Figure 2. Absolute value of the two-point spin correlation function (i.e., (−1)n〈tanta0〉)
for the dimer model with (starting from above) δ = 0, 0.01, 0.02, . . ., 0.10 andN = 4000
(only the region 1 ≤ n ≤ N/2 is shown). The dotted lines are all proportional to
[sin(pin/N)]−2
As a summary of these results, we present a comparison between the correlators
computed with the formulas (97) and (132) for the HS model and the correlation function
for the AFH model in figure 1.
3.3.4. Two-point spin correlators in dimerized chains In the dimer case (92),
translational invariance by one site is broken, but there is still translational invariance
for translation by an even number of sites. From the symmetries of the wave function,
it follows that 〈tantam〉 = 〈tam−nta0〉 for m odd and 〈tantam〉 = 〈tan−mta0〉 for m even, so
it is sufficient to compute 〈tan ta0〉 for n = 1, 2, . . . , N . Figure 2 provides numerical
results for this correlator for a chain with N = 4000 sites obtained from (104). For
δ = 0, we observe that the absolute value of the correlator decays as n−1 in the region
1≪ n≪ N as it should according to (100). For δ = 0.1, we find that the absolute value
of the correlator decays as [sin(πn/N)]−2, when the spins are sufficiently far apart.
As δ decreases towards zero, n/N needs to be closer and closer to one half for this
approximation to hold. It is expected that the decay is algebraic for 1 ≪ n ≪ N
rather than exponential even if the model is not critical because there are long-range
interactions in the Hamiltonian [22, 23].
3.3.5. Four-point spin correlators We shall now use (59) to compute the four-point
spin correlator 〈ta1i1 ta2i2 ta3i3 ta4i4 〉. As explained above, we can assume the indices i1, . . . , i4
to be different and consider the quantity
Ca1a2a3a4i1i2i3i4 ≡
{
〈ta1i1 ta2i2 ta3i3 ta4i4 〉, if iα 6= iβ for all α 6= β
0, if iα = iβ for some α 6= β . (134)
Quantum spin Hamiltonians for the SU(2)k WZW model 24
Choosing n = 3 and T3 = t
a1
i1
ta2i2 t
a3
i3
(i1, i2, i3 all different) in (59) yields
0 =
∑
k(6=i4)
2wi4k C
a1a2a3a4
i1i2i3k
+
1
2
wi4i1δa1a4C
a2a3
i2i3
+
1
2
wi4i2δa2a4C
a1a3
i1i3
+
1
2
wi4i3δa3a4C
a1a2
i1i2
(135)
+wi4i1
(
δa1a4C
ba2a3b
i1i2i3i4
− Ca4a2a3a1i1i2i3i4
)
+ wi4i2
(
δa2a4C
a1ba3b
i1i2i3i4
− Ca1a4a3a2i1i2i3i4
)
+wi4i3
(
δa3a4C
a1a2bb
i1i2i3i4
− Ca1a2a4a3i1i2i3i4
)
,
where Ca1a2i1i2 = 〈ta1i1 ta2i2 〉 = δa1a2C(0)i1i2 = δa1a2C(|i1 − i2|)/3 is the two-point spin correlator
found above.
The expression can be simplified noting that, by rotational invariance of the ground
state, one has the decomposition
Ca1a2a3a4i1i2i3i4 = δa1a4δa2a3C
(1)
i1i2i3i4
+ δa2a4δa1a3C
(2)
i1i2i3i4
+ δa3a4δa1a2C
(3)
i1i2i3i4
, (136)
where C
(a)
i1i2i3i4
(a = 1, 2, 3) are invariant tensors that can be obtained from Ca1a2a3a4i1i2i3i4 as
C
(1)
i1i2i3i4
=
1
30
(
4Cabbai1i2i3i4 − Cababi1i2i3i4 − Caabbi1i2i3i4
)
,
C
(2)
i1i2i3i4
=
1
30
(−Cabbai1i2i3i4 + 4Cababi1i2i3i4 − Caabbi1i2i3i4) , (137)
C
(3)
i1i2i3i4
=
1
30
(−Cabbai1i2i3i4 − Cababi1i2i3i4 + 4Caabbi1i2i3i4) .
Permuting the spin matrices in (134), one can easily relate these tensors,
Ci1i2i3i4 ≡ C(1)i1i2i3i4 = C(2)i1i2i4i3 = C(3)i1i4i3i2 , (138)
Ci1i2i3i4 = Ci2i1i4i3 = Ci3i4i1i2 = Ci4i3i2i1 .
Plugging (136) into (135), one finds an expression, where the terms proportional to
δa1a4δa2a3 , etc, must cancel independently. This leads to
0 =
∑
k(6=i4)
2wi4k C
(1)
i1i2i3k
+ 2wi4i1C
(1)
i1i2i3i4
+ (wi4i1 − wi4i3)C(2)i1i2i3i4 (139)
+(wi4i1 − wi4i2)C(3)i1i2i3i4 +
wi4i1
2
C
(0)
i2i3
,
0 =
∑
k(6=i4)
2wi4k C
(2)
i1i2i3k
+ 2wi4i2C
(2)
i1i2i3i4
+ (wi4i2 − wi4i1)C(3)i1i2i3i4 (140)
+(wi4i2 − wi4i3)C(1)i1i2i3i4 +
wi4i2
2
C
(0)
i1i3
,
0 =
∑
k(6=i4)
2wi4k C
(3)
i1i2i3k
+ 2wi4i3C
(3)
i1i2i3i4
+ (wi4i3 − wi4i2)C(1)i1i2i3i4 (141)
+(wi4i3 − wi4i1)C(2)i1i2i3i4 +
wi4i3
2
C
(0)
i1i2
.
These equations can be solved numerically for the four-point correlators in terms of the
two-point correlators which are known from the solutions of (104). We can also exploit
the relations (138) to rewrite the above system in the compact form
0 =
∑
k(6=i4)
2wi4k Ci1i2i3k + 2wi4i1Ci1i2i3i4 + (wi4i1 − wi4i3)Ci1i2i4i3 (142)
+(wi4i1 − wi4i2)Ci1i4i3i2 +
wi4i1
2
C
(0)
i2i3
.
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Figure 3. The four-point correlation function 〈t01t050t0125t0n〉 in the uniform model
computed from the exact formula (142) and the approximation (144), which is valid
when all the spins included in the four-point correlator are separated by many sites.
For the uniform model, we can compare these formulas to the CFT prediction
for the correlator of M spins. We shall only consider the most relevant term in the
expression (101) for t0n, namely
t0n ≃ (−1)n
√
π
2
cos
(
ϕ(zn, z¯n)√
2
)
, (143)
where zn = 2πin (n = 1, . . . , N). Employing the aforementioned map between the
cylinder and the plane one can derive
〈t0n1 . . . t0nM 〉 ≃
(π
2
)M/2
(−1)
∑
i ni
〈
M∏
j=1
cos
(
ϕ(znj , z¯nj )√
2
)〉
cyl
(144)
=
( π
16N
)M/2
(−1)
∑
i ni
∑
s1,...,sM=±1
δ∑
j sj ,0
M∏
i<j
∣∣∣∣sin
[
π(ni − nj)
N
]∣∣∣∣
sisj
.
A comparison of this formula for M = 4 and the results obtained from the numerical
solution of (142) in the uniform case is given in figure 3.
4. Results for the SU(2) WZW model at level k = 2
The SU(2)2 WZW model has three primary fields φj associated to the spins j = 0, 1/2
and 1. The nontrivial parts of the fusion rules are given by
φ1/2 ⊗ φ1/2 = φ0 ⊕ φ1, φ1 ⊗ φ1 = φ0, φ1/2 ⊗ φ1 = φ1/2. (145)
This theory is equivalent to the product of the critical Ising model and a free massless
boson, so that their Virasoro central charges add up to c = 1/2 + 1 = 3/2. The current
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operators can be written in terms of the Majorana field χ(z) of the Ising model and
vertex operators of the chiral boson as
J0(z) = i ∂zϕ(z), J
±(z) =
√
2 χ(z) e±iϕ(z). (146)
In the following, we investigate the model obtained from a product of N spin 1 fields,
and we note that the primary fields with spin j = 1 and conformal weight h1 = 1/2 can
be constructed as
φ1,si(zi) =
{
: e±iϕ(zi) : si = ±1
ρ1,iχ(zi) si = 0
, ρ1,i ≡
{
1 i : even
−1 i : odd . (147)
For brevity, we restrict the numerical analyses to the uniform case in this section. The
Hamiltonian for the model obtained from a product of N spin 1/2 fields (k = 2, j = 1/2)
is given in Appendix B.
4.1. Wave function and Hamiltonian for j = 1
The above representation of the primary fields enables us to compute the chiral correlator
of N spin 1 fields with spin projections si = ±1, 0 and parameters zi [5, 9]:
ψs1,...,sN (z1, . . . , zN) = ρ1〈: eis1ϕ(z1) : . . . : eisNϕ(zN ) :〉〈χ(z1)1−s
2
1 . . . χ(zN )
1−s2N 〉
= ρ1
N∏
i<j
(zi − zj)sisj Pf0
(
1
zi − zj
)
, (148)
ρ1 ≡ (−1)
∑
i:odd(si−1), N : even,
N∑
i=1
si = 0.
The Pfaffian Pf0(. . .) comes from the correlator of the χ(z) fields and is hence restricted
to the positions where si = 0. The sign factor ρ1 ensures that ψ is a singlet. The wave
function vanishes if N is odd because an odd number of φ1 fields fuse to a single φ1
field. We note that a different wave function containing some of the same elements was
investigated in [24], where a three-body Hamiltonian, whose ground state is close to the
wave function, was found numerically.
To find the explicit expression for the Hamiltonian, we rewrite (33) into(
K
(i)
1,1
)a
b
=
2
3
δab − 5
12
iεabct
c
i −
1
12
(tai t
b
i + t
b
i t
a
i ), (t
a)bc = −iεabc, (149)
and consequently
C i,a1,1 =
N∑
k(6=i)
wik
[
2
3
tak −
5
12
iεabct
b
kt
c
i −
1
12
(tai t
b
i + t
b
i t
a
i )t
b
k
]
. (150)
When we plug this into (50), assume |zi| = 1, ∀i, and exploit the relations
[tai , t
b
i ] = iεabct
c
i , t
a
i t
a
i = 2, εabct
b
it
c
i = it
a
i , (151)
Quantum spin Hamiltonians for the SU(2)k WZW model 27
Table 4. Spectrum of the spin 1 Hamiltonian (153) for zj = exp(2piij/N) and N = 6
(only the lowest 106 states are given). E is the energy, S is the spin, pu is the
momentum, and # = 2S + 1.
E S 3pu
pi
#
0.0000 0 0 1
1.3322 1 3 3
3.8562 2 0 5
9.7852 3 3 7
13.3457 1 -1 3
1 1 3
14.5984 2 -2 5
2 2 5
table continued. . .
15.4088 0 3 1
15.5224 1 -2 3
1 2 3
17.1898 4 0 9
17.3510 2 -1 5
2 1 5
19.3269 3 -2 7
3 2 7
table continued. . .
20.5618 1 0 3
23.3377 2 0 5
23.9121 2 -2 5
2 2 5
25.3391 1 -2 3
1 2 3
25.5448 2 -1 5
2 1 5
we find
H
(i)
1,1 = −
4
3
N∑
j(6=i)
w2ij −
2
3
N∑
j 6=k(6=i)
wijwikt
a
j t
a
k −
1
3
N∑
j(6=i)
w2ijt
a
i t
a
j +
1
6
N∑
j(6=i)
w2ij(t
a
i t
a
j )
2 (152)
+
1
6
N∑
j 6=k(6=i)
wijwikt
a
i t
a
j t
b
it
b
k.
The Hamiltonian for the spin 1 case is thus
H1,1 = −4
3
N∑
i 6=j
w2ij −
1
3
N∑
i 6=j

w2ij + 2 N∑
k(6=i,j)
wkiwkj

 tai taj + 16
N∑
i 6=j
w2ij(t
a
i t
a
j )
2 (153)
+
1
6
N∑
i 6=j 6=k
wijwikt
a
i t
a
j t
b
it
b
k.
The spectrum of (153) for the uniform case and N = 6 is given in table 4. Since H1,1
commutes with T a, we again have that the 2S + 1 states within each spin multiplet
are degenerate. Furthermore, we can also classify the states by the eigenvalue of the
momentum operator pu = −i ln(T ), where T is the translation operator defined in (95)
with the permutation operator given in the spin 1 case by [25]
Pi,j = (tai taj )2 + tai taj − 1. (154)
We observe that all degeneracies between multiplets can be explained from the symmetry
under translation and under a flip of the spin chain. This suggests that there is no
Yangian symmetry in this model. We have tried to restore the Yangian symmetry by
creating accidental degeneracies in the spectrum by giving the terms in the Hamiltonian
(53) different weights, but we did not find a solution.
4.2. Comparison to the bilinear-biquadratic spin 1 chain
In [6], it was suggested that the dimer version of the generalized HS model for suitably
chosen δ could be close to the spontaneously dimerized phase of the J1-J2 Heisenberg
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Figure 4. Overlap |〈ψ|ψφ〉| between the ground state ψ of (153) and the ground
state ψφ of (155) as a function of φ for N = 6 sites (when the ground state of Hφ
is degenerate, we choose the state in the ground state subspace, which maximizes
|〈ψ|ψφ〉|). The dotted vertical lines indicate the transitions between different phases
of the bilinear-biquadratic spin 1 chain in the thermodynamic limit.
model because the Hamiltonians of both models involve terms of the form tai t
a
i+1 and
tai t
a
i+2 and because tuning δ can change the pattern of coupling strengths. It turned
out that there indeed is a significant overlap between the wave functions of the two
models, and one may ask whether the k = 2 and j = 1 model resembles another model.
In the uniform case, a natural choice for comparison is the bilinear-biquadratic spin 1
Hamiltonian [26, 27, 28]
Hφ =
N∑
i=1
[
cos(φ)tai t
a
i+1 + sin(φ)
(
tai t
a
i+1
)2]
(155)
with periodic boundary conditions taN+1 = t
a
1. We compare the state ψ in (148) to the
ground state ψφ of (155) for N = 6 in figure 4. The phases of the bilinear-biquadratic
spin 1 model for N →∞ are also indicated in the figure. In the Haldane phase, there is
a unique, singlet ground state with an energy gap to the first exited state. For N = 6,
this is also what we have here, and hence one could expect that ψ may be similar to
ψφ in this parameter regime. In fact, the overlap between the two states is seen to be
very close to unity in an interval within the Haldane phase. The maximum is 0.9990
and occurs for φ = −0.3213. A nonzero overlap is also seen in the dimer and trimer
phases, where the condition
∑
i si = 0 is fulfilled. In the ferromagnetic phase, on the
other hand, the overlap vanishes because the ground states of (155) all have total spin
N . The results presented below for the Renyi entropy and the two-point spin correlator
suggest that the spin 1 model at level k = 2 is gapless for N → ∞, and hence we do
not expect the two models to be close to each other in that limit.
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4.3. Entanglement entropy and two-point spin correlation function for j = 1
It is interesting to ask, whether there is a simple connection between the properties of
the conformal fields used to construct the wave function and the properties of the wave
function. This turns out to be the case for the uniform HS model, where it is known
that the low energy states are described by the SU(2)1 WZW model in the large N limit
[3]. To investigate whether a similar result could be true for the spin 1 case, we compute
below the Renyi entropy and the two-point correlator of the spin 1 chain numerically
and compare the results to those expected for the SU(2)2 WZW model.
We start with the Renyi entropy
S
(2)
L ≡ − ln[Tr(ρ2L)], (156)
where ρL is the reduced density operator of the first L spins obtained by tracing out
the state of the last N − L spins. Rewriting this equation, we can express the entropy
in terms of an expectation value
e−S
(2)
L =
∑
s1,...,sN
∑
s′1,...,s
′
N
|ψs1,...,sN (z1, . . . , zN )|2|ψs′1,...,s′N (z1, . . . , zN)|2 (157)
×
ψ∗s′1,...,s′L,sL+1,...,sN (z1, . . . , zN )ψ
∗
s1,...,sL,s
′
L+1,...,s
′
N
(z1, . . . , zN)
ψ∗s1,...,sN (z1, . . . , zN )ψ
∗
s′1,...,s
′
N
(z1, . . . , zN)
×
[ ∑
s1,...,sN
|ψs1,...,sN (z1, . . . , zN )|2
]−2
,
which we evaluate numerically by use of the Metropolis Monte Carlo algorithm [6]. The
Renyi entropy of a conformal field theory with central charge c is [29, 30, 31]
S
(2)
L =
c
4
ln[sin(πL/N)] + constant, (158)
and c = 3/2 for the SU(2)2 WZW model (recall (1)). In figure 5, we have plotted S
(2)
L
as a function of ln[sin(πL/N)]/4, and indeed the points fall almost on a straight line.
Considering c as a fitting parameter, we find that c = 1.395 is the best choice to describe
the data, but c = 3/2 also gives a fit that approximately follow the data points.
Let us next consider the two-point spin correlation function. For the spin 1 model at
level k = 2, we do not obtain a closed set of equations for the two-point spin correlators
from (59) and (60), so we use Monte Carlo simulations instead. Results for the uniform
model and N = 200, 500 and 1200 are shown in figure 6. Affleck found that the spin
correlation function for an infinite chain of spin 1 fields in the WZW model at level k = 2
is proportional to (−1)nn−3/4 for large n [32], possibly with a multiplicative logarithmic
correction of the form (A + B ln(n))1/2, where A and B are constants [20]. Referring
back to (133) and also to the scaling behaviour of the correlator in the dimer model
discussed in section 3.3.4, it is very natural to expect that the most significant term of
the correlation function for the finite spin 1 chain is proportional to (−1)n[sin(πn/N)]b
in the asymptotic region n≫ 1, where the exponent b may or may not be equal to −3/4.
We therefore plot ln[(−1)n〈ta0tan〉] versus ln[sin(πn/N)] in figure 6. This transformation
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Figure 5. Renyi entropy of the state (148) for zj = exp(2piij/N) and N = 200
obtained from Monte Carlo simulations of exp(−S(2)L ). The data shown is the average
of 40 trajectories with different initial conditions, and the variation of the mean of
these trajectories is used to estimate the error bars. The solid line is a fit of the form
S
(2)
L = c ln(sin(piL/N))/4 + a, where a and c are fitting parameters, and the dotted
line is a fit of the same form but with c fixed at 3/2.
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Figure 6. The functional dependence of the two-point spin correlation function on
separation of the spins for zj = exp(2piij/N) and N = 200, 500 and 1200. The
points are obtained from Monte Carlo simulations, the solid lines are fits of the form
ln((−1)n〈tanta0〉) = a + b ln[sin(pin/N)], where a and b are fitting parameters, and the
dotted lines are fits of the same form but with b fixed at −3/4. As in the previous
figure, the error bars are estimated from the variation of the mean of trajectories with
different initial conditions.
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indeed gives data lying almost on straight lines despite the fact that we are considering
chains of finite length. Using a fit to extract the slope of the lines, we find that the
exponent is around −0.69. A similar exponent was found for the state considered in
[33]. As in [33], we note that the deviation of b from −0.75 may be due to the presence
of a logarithmic correction since a logarithmic correction of the type given above is
equivalent to a power law to first order in the exponent: nǫ/2 ≈ (1 + ln(n)ǫ)1/2 for ǫ
small. Altogether, it is hence possible that the properties of the wave function are those
of the SU(2)2 WZW model, but it may also be that there are some deviations.
5. Conclusion
In conclusion, we have used a specific set of null vectors to derive quantum spin
Hamiltonians, whose ground states are the chiral correlators of the SU(2)k WZWmodel,
and we have shown that the same null vectors lead to a set of algebraic, linear equations
relating the spin correlators within each model. At level k = 1, these equations are
sufficient to compute both two-point and higher-point spin correlators simply by solving
a set of linear equations, which can even be done analytically in some cases. The models
involve Hamiltonians with long-range interactions, and explicit analytical expressions
for the corresponding ground state wave functions can be found in many cases. The
examples presented in the paper include both new spin models and new results for
already known models.
It is interesting to note that our construction in some sense resembles that of
the AKLT [2, 37] bond in matrix product states (MPS) and frustration free parent
Hamiltonians. As in MPS, the components of the wave functions are constructed
from a product of N operators (see (34)), where the jth operator depends only on
the state of the jth spin, but the operators are chiral conformal fields instead of finite
dimensional matrices. Similarly, the Hamiltonian is a sum of N Hamiltonians (see (53))
that annihilate the ground state individually, but the Hamiltonians involve long-range
interactions rather than only local interactions. These differences, in fact, circumvent
one of the limitations of MPS, namely how correlation functions may decay algebraically,
and thus one can also use the states to describe critical behaviour.
The uniform Haldane-Shastry model is closely related to the Calogero-Sutherland
(CS) model, whose Hamiltonian contains a kinetic term plus an inverse square coupling
between particles moving on a circle [34] (see [10] for a review). In turn, particular
eigenfunctions of the CS model are in direct correspondence with the correlation
functions in boundary conformal field theory. In fact, the CS Hamiltonian can be
obtained from the null vector decoupling equations at level 2 of boundary fields and a
bulk primary field at the centre of the disk [35, 36]. These results suggest a possible
relation of our work to those of [35, 36], although the null vectors used there and those
used in the present work are different.
The present paper raises the question, whether the properties of the wave functions
are directly related to the properties of the fields used to construct the wave functions.
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The properties of the uniform model with k = 1 and j = 1/2 [3] and the numerical
results presented above for the two-point spin correlator and the Renyi entropy for the
uniform model with k = 2 and j = 1 suggest that the properties of the wave function
may be similar to, but not necessarily identical to, the properties of the fields. We are
currently investigating this question in more detail.
There are several ways in which the explicit examples given in the paper can be
generalized. The construction in section 2 already includes the possibility to consider
models at higher levels, models in which the fields used to construct the wave functions
do not all have the same spin index, and models in which the individual terms H
(i)
n∗,j
are
given different weights in the final Hamiltonian. Furthermore, we have only considered
one particular set of null vectors, but other Hamiltonians can be derived by starting
from other null vectors. The present work shows that translationally invariant models
of one-dimensional spin chains with long-range interactions can be achieved by choosing
the zj-coordinates to be uniformly distributed on the unit circle. More generally, the zj-
coordinates are numbers in the complex plane, and various interaction patterns can be
achieved by adjusting these coordinates. This observation facilitates the construction of
higher dimensional spin models. In particular, it is natural to describe a two-dimensional
spin lattice in the above framework by interpreting, e.g., the real and imaginary parts
of zj as the coordinates of the physical position of the jth spin in the lattice. This
construction will be presented elsewhere [38]. Finally, the idea of finding Hamiltonians
from null vectors can also be applied to any Lie group and to WZW models based on
supergroups. Altogether, the present work thus opens up possibilities to find a huge
class of spin models. We conclude that null vectors are a powerful tool to gain insight
into the behaviour of many-body systems, and we believe that more results will be
obtained along these lines.
Note added in proof. A spin 1 model with the same type of interactions as the model discussed in
section 4 has been derived for the uniform case in [39], and an application of conformal field theory to
propose wave functions for the fractional quantum Hall effect is considered in [40].
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Appendix A. Alternative derivation of the generalized HS model
In [6], it was found by use of the Knizhnik-Zamolodchikov equation that the state (67)
is an eigenstate of the generalized HS Hamiltonian (87). We provide the details of this
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derivation in the following. We start from the KZ equation
3
2
∂
∂zi
ψ =
∑
j(6=i)
tai t
a
j
zi − zj ψ, i = 1, . . . , N, (A.1)
for the chiral correlator (62) with components (67). Using the conformal transformation
z = ew, one can map the complex plane into the cylinder, where the chiral correlator
becomes
ψcyl(w1, . . . , wN) =
(
dw1
dz1
)−h
. . .
(
dwN
dzN
)−h
ψplane(z1, . . . , zN) (A.2)
and h = 1/4 is the conformal weight of the spin 1/2 primary field. Expressing ψcyl in
terms of the zi variables and using (67) for ψplane(z1, . . . , zN) ≡ ψ(z1, . . . , zN), one has
ψcyl(z1, . . . , zN ) =
∏
i
z
1/4
i ψplane(z1, . . . , zN) = ρ 1
2
∏
i<j
(zi − zj)sisj/2
∏
i
z
1/4
i . (A.3)
The KZ equation for this wave function is
3zi
∂
∂zi
ψcyl =
∑
j(6=i)
wij t
a
i t
a
j ψcyl, i = 1, . . . , N, (A.4)
where wij = (zi + zj)/(zi − zj) as usually.
Using the explicit expression for the wave function in (A.3) and the relations∑
j(6=i)
sisj = −s2i = −1,
∑
j
sj = 0, (A.5)
one finds
zi
∂
∂zi
ψcyl =

1
2
∑
j(6=i)
zi
zi − zj sisj +
1
4

ψcyl = 1
2
∑
j(6=i)
(
zi
zi − zj −
1
2
zi − zj
zi − zj
)
sisjψcyl.(A.6)
Simplifying the above expression one gets an abelian version of the KZ equation
zi
∂
∂zi
ψcyl =
1
4
∑
j(6=i)
wij sisj ψcyl. (A.7)
Taking another derivative, one finds(
zi
∂
∂zi
)2
ψcyl = −1
2
∑
j(6=i)
zizj
z2ij
sisj ψcyl+
1
16
∑
j(6=i)
∑
k(6=i)
wijwik sjsk ψcyl, (A.8)
where we have used s2i = 1 and
zi
∂
∂zi
wij = −2zizj
z2ij
. (A.9)
Summing over i in the last expression, one gets
∆ψcyl ≡
∑
i
(
zi
∂
∂zi
)2
ψcyl (A.10)
= −1
2
∑
i 6=j
zizj
z2ij
sisj ψcyl +
1
16
∑
i
∑
j(6=i)
∑
k(6=i)
wijwik sjsk ψcyl.
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The triple sum can be written as∑
i
∑
j(6=i)
∑
k(6=i)
=
∑
i 6=j
δjk +
∑
j 6=k
∑
i(6=j,k)
(A.11)
so that
∆ψcyl = −1
2
∑
i 6=j
zizj
z2ij
sisj ψcyl +
1
16
∑
i 6=j
w2ij ψcyl +
1
16
∑
j 6=k
∑
i(6=j,k)
wijwik sjsk ψcyl. (A.12)
Exchanging i↔ k, this becomes
∆ψcyl = −1
2
∑
i 6=j
zizj
z2ij
sisj ψcyl +
1
16
∑
i 6=j
w2ij ψcyl +
1
16
∑
i 6=j
sisj
∑
k(6=i,j)
wkiwkj ψcyl. (A.13)
Using (77), (79) and
∑
i 6=j sisj = −N in (A.13), we find
∆ψcyl
ψcyl
= −1
2
∑
i 6=j
zizj
z2ij
sisj +
1
16
∑
i 6=j
w2ij +
1
16
∑
i 6=j
sisj[N − 2 + 2w2ij + wij(ci − cj)] (A.14)
= −1
2
∑
i 6=j
(
zizj
z2ij
− 1
4
w2ij
)
sisj +
1
16
∑
i 6=j
w2ij +
N − 2
16
∑
i 6=j
sisj
+
1
16
∑
i 6=j
sisj wij(ci − cj) = 1
8
∑
i 6=j
sisj +
N − 2
16
∑
i 6=j
sisj +
1
16
∑
i 6=j
w2ij
+
1
16
∑
i 6=j
sisjwij(ci − cj) = −N
2
16
+
1
16
∑
i 6=j
w2ij +
1
16
∑
i 6=j
sisjwij(ci − cj).
From (A.7), we have
1
2
∑
i
cizi
∂
∂zi
ψcyl =
1
16
∑
i 6=j
sisjwij(ci − cj)ψcyl, (A.15)
so finally (
∆− 1
2
∑
i
cizi
∂
∂zi
)
ψcyl =
(
−N
2
16
+
1
16
∑
i 6=j
w2ij
)
ψcyl. (A.16)
The operator on the left hand side of (A.16) can also be computed from the KZ
equation (A.4). Taking the derivative of (A.4) and following the same steps as before,
one finds
9 ∆ψcyl = −6
∑
i 6=j
zizj
z2ij
tai t
a
jψcyl +
∑
i 6=j
w2ij(t
a
i t
a
j )
2ψcyl +
∑
i 6=j
∑
k(6=i,j)
wkiwkjt
a
kt
a
i t
b
kt
b
jψcyl. (A.17)
The following identities are needed
(tai t
a
j )
2 =
3
16
− 1
2
tai t
a
j , i 6= j, (A.18)
takt
a
i t
b
kt
b
j =
1
4
tai t
a
j +
i
2
εabct
a
kt
b
i t
c
j , i 6= j 6= k, (A.19)∑
i 6=j
tai t
a
j = T
aT a − 3
4
N, (A.20)
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which finally lead to
∆ψcyl =
[
−2
3
∑
i 6=j
zizj
z2ij
tai t
a
j +
1
48
∑
i 6=j
w2ij −
N(N − 2)
48
+
1
36
∑
i 6=j
wij(ci − cj)tai taj
]
ψcyl,
where we have used T aT aψcyl = 0 because ψcyl is a singlet. It also follows from (A.4)
that
1
2
∑
i
cizi
∂
∂zi
ψcyl =
1
12
∑
i 6=j
wij(ci − cj)tai tajψcyl, (A.21)
and hence(
∆− 1
2
∑
i
cizi
∂
∂zi
)
ψcyl =
{
− 2
3
∑
i 6=j
[
zizj
z2ij
+
1
12
wij(ci − cj)
]
tai t
a
j +
1
48
∑
i 6=j
w2ij (A.22)
−N(N − 2)
48
}
ψcyl.
Equating (A.16) and (A.22), we arrive at
−
∑
i 6=j
[
zizj
z2ij
+
1
12
wij(ci − cj)
]
tai t
a
j ψcyl =
[
1
16
∑
i 6=j
w2ij −
N(N + 1)
16
]
ψcyl. (A.23)
Since ψcyl only differs from ψ by an si-independent factor, we can replace ψcyl by ψ in
(A.23), and it follows that ψ is an eigenstate of (87) as claimed. In [6], it was found
numerically for small systems that ψ is, in fact, the ground state of (87). With the
results of the present paper, however, it is clear from the construction that ψ is the
ground state. We note also that the above derivation is not immediately generalizable
to k > 1.
Appendix A.1. The Inozemtsev invariant
Let us finally use the above approach to derive the generalization (91) to the nonuniform
case of the Inozemtsev invariant. We start from the second derivative(
zi
∂
∂zi
)2
ψcyl = −1
2
∑
j(6=i)
zizj
z2ij
sisj ψcyl+
1
16
∑
j(6=i)
∑
k(6=i)
wijwik sjsk ψcyl(A.24)
and take another derivative
∆3ψcyl
ψcyl
=
1
ψcyl
∑
i
(
zi
∂
∂zi
)3
ψcyl = −1
2
∑
i 6=j
zi
∂
∂zi
(
zizj
z2ij
)
sisj (A.25)
−1
8
∑
i 6=j
∑
k(6=i)
zizj
z2ij
wiksjsk +
1
16
∑
i
∑
j(6=i)
∑
k(6=i)
zi
∂
∂zi
(wijwik) sjsk
+
1
64
∑
i
∑
j(6=i)
∑
k(6=i)
∑
l(6=i)
wijwikwil sisjsksl.
The terms involving 4 different spin variables vanish by virtue of the equation
wijwikwil + (permutations of i, j, k, l) = 0, i 6= j 6= k 6= l. (A.26)
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Then, using the following identities
zi
∂
∂zi
wij = −2zizj
z2ij
, zi
∂
∂zi
zizj
z2ij
=
1
4
(wij − w3ij), (A.27)
zk
∂
∂zk
(wkiwkj) =
1
2
(wki − wkiw3kj + wkj − wkjw2ki), (A.28)
we find after several manipulations
∆3ψcyl = − 3
64
∑
i 6=j
ci,2 wijsisjψcyl, ci,2 ≡
∑
k(6=i)
w2ki. (A.29)
Hence, (
∆3 +
3
16
∑
i
ci,2 zi
∂
∂zi
)
ψcyl = 0. (A.30)
The left hand side can be computed using the KZ equation. After a long computation
one gets H3ψcyl = 0 and hence H3ψ = 0, where H3 is given by (91).
Appendix B. Hamiltonian for k = 2 and j = 1/2
The Hamiltonian at level k = 2, which has the chiral correlator 〈φ1/2,s1(z1) . . . φ1/2,sN (zN )〉
of N spin 1/2 fields as its ground state, follows from (32), (45), (50) and (53). Assuming
|zi| = 1 ∀i, we find
H
(i)
2,1/2 =
3
8
∑
i1 6=i2(6=i)
w2ii1w
2
ii2
+
∑
i1 6=i2 6=i3(6=i)
wii1wii2w
2
ii3
tai1t
a
i2
+
∑
i1 6=i2(6=i)
w2ii1w
2
ii2
tai t
a
i1
(B.1)
+
1
2
∑
i1 6=i2(6=i)
w2ii1w
2
ii2
tai1t
a
i2
+
2
5
∑
i1 6=i2 6=i3 6=i4(6=i)
wii1wii2wii3wii4t
a
i1
tai2t
b
i3
tbi4
+
2
5
∑
i1 6=i2 6=i3(6=i)
wii1wii2wii3(4wii1 − wii2 − wii3)tai tai1tbi2tbi3
and
H2,1/2 =
3
8
∑
i 6=i1 6=i2
w2ii1w
2
ii2
+
∑
i1 6=i2 6=i3
( ∑
i(6=i1,i2,i3)
wii1wii2w
2
ii3
+ w2i1i2w
2
i1i3
(B.2)
+
1
2
w2i1i3w
2
i2i3
)
tai1t
a
i2 +
2
5
∑
i1 6=i2 6=i3 6=i4
[ ∑
i(6=i1,i2,i3,i4)
wii1wii2wii3wii4
+wi1i2wi1i3wi1i4(4wi1i2 − wi1i3 − wi1i4)
]
tai1t
a
i2t
b
i3t
b
i4 .
The spectrum of (B.2) for the uniform case and N = 6 is given in table B1. Since
two φ1/2 fields fuse to a φ0 and a φ1 field, and since the fields should altogether fuse
to φ0 to give a nonzero correlator, the ground state is 2
N/2−1 times degenerate. Apart
from this degeneracy, all degeneracies between spin multiplets can be explained from
the invariance of the chain under translation by one site and under a flip of the chain.
This suggests that there is no Yangian symmetry at level k = 2. Another difference
compared to the uniform HS model is that not all energies are integers.
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Table B1. Spectrum of the spin 1/2 Hamiltonian (B.2) for zj = exp(2piij/N) and
N = 6 sites. E is the energy, S is the spin, pu is the momentum, and # = 2S + 1.
E S 3pu
pi
#
0.0000 0 -1 1
0 0 1
0 1 1
0 3 1
0.2715 1 0 3
2.8686 1 -2 3
1 2 3
table continued. . .
20.0000 1 -1 3
1 1 3
34.4000 2 -2 5
2 2 5
47.2000 2 3 5
52.0000 1 3 3
58.9285 1 0 3
table continued. . .
107.2000 3 0 7
111.2000 2 -1 5
2 1 5
117.1314 1 -2 3
1 2 3
160.0000 0 3 1
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